Abstract. A periodic Ginzburg-Landau model for superconductivity is considered. The model has two novel features compared to periodic problems arising in other settings. First, periodicity is defined with respect to a nonorthogonal lattice that is not necessarily aligned with the coordinate axes. Second, the periodicity of the physical variables implies nonstandard, in the context of periodic problems, relations for the primary dependent variables used in the model. Physical assumptions are introduced that form the basis for the model, and then the mathematical model is derived from these assumptions. The model discussed includes, as special cases, periodic Ginzburg-Landau models appearing in the literature. Then the model equations and its solutions are analyzed, addressing, among others, questions of existence and regularity. The paper closes with some remarks relevant to the use of the model in conjunction with analytic or numerical approximation methods.
For high-T superconductors, satisfactory microscopic models still await discovery. On the other hand, it is a reasonably simple matter to generalize the low-To Ginzburg-Landau model to account for high-T phenomena. For example, the low-T Ginzburg-Landau model deals with materials that are, from an electromagnetic viewpoint, homogeneous and isotropic; high-To Ginzburg-Landau models could involve inhomogenieties and anisotropies. Of course, since there is currently no rigorous justification, emanating from a well-accepted microscopic theory, for the use of Ginzburg-Landau models for high-T superconductivity, such justification must be made through comparisons with observations. In this regard there is mounting evidence that, indeed, Ginzburg-Landau models may be used in this context. In this paper, we confine ourselves to Ginzburg-Landau models for low-T superconductivity.
Our plans for the near future are to adapt and apply generalizations of this model to various problems involving high-T superconductors.
Superconductors are divided into two types, known as type-I and type-II superconductors. From a technological point of view, type-II superconductors are of greater interest, mainly because they can maintain superconducting properties in the presence of higher external magnetic fields than can type-I superconductors. Of relevance to the present work are the observations that electromagnetic phenomena in type-I superconductors may be described by relatively smooth functions that can be well approximated through the use of standard discretization techniques, e.g., finite element methods, while on the other hand, such phenomena in type-II superconductors exhibit significant variations over length scales of the order of 1000 or fewer ngstroms.
Suppose now that we wish to effect a numerical simulation of electromagnetic phenomena in a sample of superconducting material that is part of some device; typically, the size of this sample would be of the order of a centimeter or more. For a type-I superconductor, this poses little problem since, except for possible edge effects, all variables to be approximated are smooth with respect to the scale of the sample size. Finite element methods for just this situation are considered in [12] . However, for a type-II superconductor, it is not possible, using currently available computers, to simulate phenomena exhibiting spatial variations having length scales of the order of 1000 ngstroms. For example, if we were to use a finite element method, then the number of degrees of freedom necessary to well approximate such functions would be prohibitively large.
The inability to perform simulations for typical material samples of type-II su- perconductors gives rise to the use of the common practice of neglecting the effects PERIODIC GINZBURG-LANDAU MODEL FOR SUPERCONDUCTIVITY 691 due to the fact that the sample has boundaries. Thus we assume that we are far removed from the boundary of the superconducting sample and that, in such regions, the physically relevant variables, e.g., the magnetic field, the current, and so on, are, in some sense, periodic. The exact nature of the topology of the periodic behavior is well known for low-To superconductors. The use of a periodic model allows us to focus on a piece of the sample that is of roughly the same size as that of the scale of variations in the interesting phenomena. In this case, it is possible to resolve these phenomena on currently available computers.
As a result of the above observations, we are led, in this paper, to study a periodic Ginzburg-Landau model for type-II superconductivity. Type-II superconductors are chosen because of their greater technological applicability; a Ginzburg-Landau model is chosen since we are interested in the macroscopic behavior of such materials, again for technological reasons; a periodic model is chosen as a result of the impossibility of resolving interesting phenomena occurring in material samples of realistic size and which have boundaries.
From the viewpoint of periodic models encountered in other applications, the model considered in this paper exhibits two novel features. In the first place, the periodicity is not necessarily with respect to a rectangular lattice, but may involve, e.g., triangular lattices. In fact, we consider general lattices so that all possible topologies for periodicity in the plane can be treated. Perhaps of even greater interest is the fact that the primary variables used in the model are not themselves periodic. One variable is scalar, complex-valued, and its phase suffers a jump across the lattice defining the periodicity, while another is vector-valued and itself suffers such a jump.
Periodic Ginzburg-Landau models have been used in the past as a setting for analyzing and approximating phenomena in type-II superconductors; see, e.g., [1] , [7] , [1] , [4] , [19] , [20] , [22] , and [25] . Most of these deal with some sort of series solution of a periodic Ginzburg-Landau model. One notable exception is [11] , which uses a Monte Carlo/simulated annealing approach, and represents the currently best-known effort for simulating type-II superconductors.
The plan of the paper is as follows. In the remainder of this section, we introduce the notation that is to be used throughout the rest of the paper. In 2 we describe the periodic Ginzburg-Landau model and give some new results concerning the model. Then, in 3 we consider the Ginzburg-Landau equations; these are a system of partial differential equations that are derived from the model. We also give some new results concerning solutions of these equations. In 4 we discuss the regularity of solutions of the periodic Ginzburg-Landau equations. In 5 we briefly consider some issues relevant to obtaining, by either numerical or analytic means, approximate solutions of the Ginzburg-Landau equations. The main existence proof is given in the Appendix. Finite element algorithms based on the model discussed in this paper are considered in [13] . [12] , [16] , [21] , [26] , or [27] (2.3) imply that the value of the Gibbs free energy in a lattice cell is the same for any cell; i.e., it is independent of the choice of the point P.
The lattice vectors t and t2 are part of the problem specification. However, at this point, there is no advantage to making specific choices for these vectors. In 6 we discuss how to make physically motivated choices for the lattice vectors. Thus (3.1) has been shown to be a weak formulation of (3.4), the first of the GinzburgLandau equations and has, as a natural boundary condition, the periodicity of curl (-A0) across a lattice cell. The latter, due to (2.23), implies the like periodicity of the magnetic field. Of course, the periodicity across a lattice cell of is an essential boundary condition. Also, ( H},(div ;tp) implies that div( 0 almost everywhere in tp.
Analogously, integrating the appropriate terms in (a.2) by parts yields that Note that using (2.23), we see that the first of these implies the periodicity across a lattice cell of the density of superconducting charge carriers.
Let us now examine some implications of (3.8)-(3.10). Since n-k --n+k, these imply that (3.11) /grad ]1-Il(g rad& n(Q A0)) ]x+tk n+k =/grad I]-]1 (grad& (Q A0))Ix .n+k V x F-k, k 1, 2.
On the other hand, (2.21), (3.10), and the periodicity of Q imply that (3.12) {/grad I1-Il(grad&-(-A0))}lx+txn+k
Together, (3.11) 4 . Regularity of solutions of the periodic Ginzburg-Landau model. We now examine the regularity of solutions of the Ginzburg-Landau equations (3.16)- (3.23) . In fact, we show that these solutions are infinitely differentiable. Details connected with the development given below may be found in, e.g., [3] , [4] , [15] , [18] , [23] , or [24] . (7)) Hm (7)). We may then define the spaces Details concerning these spaces may be found in, e.g., [2] . Given the lattice vectors tk and the lattice functions gk(x), k 1, 2, we define, for m >_ 0, the space of periodic Standard variational arguments may then be used to obtain the following result.
LEMMA 4.2. For f P(ftp), the minimization problem (4.2) has a unique solution belonging to 7-tp(ap). The minimizer satisfies the weak form (4.1).
Using integration by parts, we obtain the differential equation corresponding to the weak formulation (4.1), i.e., (4.3) (grad A0) (grad A0) + f in tip.
From this equation, we obtain that, for q min{p, 2}, AE _,q(p); then, using a trace theorem, we have that O/On q(P). We may then derive the natural boundary conditions corresponding to the weak formulation (4.1), i.e., (4.4) [ Using well-known imbedding theorems, the right-hand side terms of (4.14) and (4.15) belong to Lp(-p) and P("p), respectively, where 1 < p < 2. Based on the regularity results for the linear problems, if we extend according to (4.6) The regularity results of the above lemma imply better regularity of the terms on the right-hand sides of (4.14) and (4.15 is determined once the average magnetic field/ is specified, and gk(x), k 1, 2, are determined once B and the lattice vectors tk, k 1, 2, are specified. Of course, these lattice vectors and a specification of the point P completely determine the lattice cell tp. Thus choosing particular values forth, /, P, tl, and t2 suices to uniquely specify the model. However, not all of these may be chosen independently; they are related through the fluxoid quantization condition (2.6), which contains the additional parameter n, the number of fluxoids associated with the lattice cell p.
The following is a list of the parameters, some chosen, some derived, that uniquely specify the periodic Ginzburg-Landau model and are such that the fluxoid quantization condition is satisfied; although this is the customary way the model is specified, it certainly is not the only way.
1. The Ginzburg-Landau parameter n, a material constant whose value depends on the temperature and which, for type-II superconductors, satisfies E (1/V/, cx);
2. The positive integer n, the number of fluxoids associated with a lattice cell; 3. The position of the point P that determines the position of the lattice cell with respect to the origin; the usual choice for P is the origin itself; It is known (see, e.g., [9] , [21] , [26] , or [27] We may also treat the case of an equilateral triangular arrangement of vortex-like structures using rectangular cells having two vortices associated with each cell; see [11] . To make sure the vortex structure is equilateral triangular, we choose n 2, 0 /2, and y x/ so that, from ( We also obtain the following correspondence between minimizers of the functional {7
given in (2.24) 
